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WEIGHTED ESTIMATES FOR CONIC 
FOURIER MULTIPLIERS 

ANTONIO CORDOBA AND KEITH M. ROGERS 



Abstract. We prove a weighted inequality which controls conic Fourier 
multiplier operators in terms of lacunary directional maximal operators. 
By bounding the maximal operators, this enables us to conclude that 
the multiplier operators are bounded on L''(R'^) with 1 < p < oo. 



1. Introduction 

For directions u ^ Q, contained in the unit circle S"*^ C M? we form the 
associated polygon Vn , with sides contained in uj + uj-^ (see Figure [1]) . We 
consider the associated cones 



^ ■ -n fr- ^ Tn>3 . (6,C: 



Ffi = {£ € R' : ^-Sfff- 6 P„} 



^: - ^^- ■ 16, 

C^ , and the Fourier multiplier operators Tq defined, initially on Schwartz func- 

tions, by 

Tq : f ^ (xrnf 

^^ ', Here, ^ and ^ denote the Fourier transform and inverse transform, respec- 

tively. The purpose of this note is to provide a condition on the directions 
which ensures Tq is bounded from LP(M^) to L^iW^), where 1 < p < oo. 

S^ I The question is only interesting when p ^ 2, as when p = 2 the operator is 

H ' bounded by Plancherel's theorem, and no restrictions on the directions are 

- - - necessary. As shown by Fefferman [T5], one cannot take all the directions of 

the circle, converting the polygon in a disc, when p ^ 2, however one can 
consider the cone associated to the disc if the multiplier is smoothed out 
appropriately (see p^ and the references therein). 

We will control Tq, via a weighted inequality, by a combination of direc- 
tional maximal operators (see the forthcoming Theorem 13. 3p . This point of 
view has its origins in a conjecture of the first author jlOj for the Bochner- 
Riesz multiplier (see also [231 IHl El 13 S US] for progress on this conjecture 
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Figure 1 . The polygon Vn and part of the cone Tq associ- 
ated to a set ri of lacunary directions. 



and [T3l [U [3l H] for closely related problems). When the directions are 
lacunary of finite order (loosely speaking, a lacunary set of order i^ is a 
lacunary sequence which has lacunary sets of order K — 1 accumulating at 
each direction; see Definition 13. ip we are able to bound the relevant maximal 
operators, which yields the following theorem. 

Theorem 1.1. Let 1 < p < oo and suppose that Q C S^ is lacunary of finite 
order. Then Tq is bounded from L^(M^) to LP(M^). 



The proof of this can be found in the final section. In the following sec- 
tion, we will recall a weighted inequality for singular integrals, and prove a 
weighted, angular Littlewood-Paley inequality. That angular square func- 
tions are bounded in L^ is well-known (see [131 [T8] for lacunary directions 
and [21] for lacunary directions of finite order), however we will require a 
weighted version in order to control Tq in terms of maximal operators. 



2. An ANGULAR Littlewood-Paley inequality 



Theorem 11.11 will be proved by a number of applications of the following 
one-dimensional result for singular integrals. There are multidimensional 
versions of some of the results in this section, however we focus only on 
what we will need. Fundamental to our approach is the Hardy-Littlewood 
maximal operator M defined by 



M/(x) 



1 

sup — 



\fix-t)\dt. 



This, and thus the composition M^ = M o . . . o M, is well-known to be 
bounded from LP{M) to U'{M) with p > 1 (see for example the first theorem 
in [22]). The following lemma was proven with M^w replaced by (M|tt;|'^)^''?, 
with q > 1, in [HI [12] which was then precised in [24[ 120] . This is sharp in 
the sense that the inequality does not necessarily hold if M'^w is replaced 
by M'^w. 
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Lemma 2.1. Let T denote the singular integral operator defined by 
Tf{x) = p.v. / JC{x - y)f{y) dy, 

where JC G C^(M\{0}) is such that JC{x) ^ colxl"-*^ and |^/C(x)| ^ co|x|~^. 
Then 

where the constant C depends only on cq. 

Ordering §^ in a clockwise sense, for each direction w G il we write oj^'^^^ for 
the previous direction of $7 and write oj^'^'^^ < uj. Considering the regions A^ 
defined by 

we form the associated Fourier multipher operators S^ defined by 

Sojf = [xaJj ■ 

In the following lemma, we control the square function associated to these 
Fourier multipliers by two-dimensional directional maximal operators, for 
which we will need to recall some definitions. 

The maximal operator M^^ is defined, initially on Schwartz functions, by 
M^fix) = sup ^ [ \f{x-toj)\dt. 



This is bounded from L*'(]R ) to L*'(IR ), where p > 1, by an application of 
Fubini's theorem and the Hardy-Littlewood maximal theorem on the copy 
of the real line span(c<;). For a set of directions f^ C S"^ C M^ we consider 
the directional maximal operator Mq defined by 

Mn : f^ sup M^f, 
and we also consider the strong maximal operator Mgt defined by 
Mstfix)= sup / / \f{x-tiei-t2e2)\dtidt2 

ri,r2>0 4rir2 J-riJ^r2 

which is bounded using Fubini's theorem as before. 

We consider sequences {9i}i<=-i that satisfy < 0j+i < \9i with lacunary 
constant < A < 1. We say that a set of directions 17 C S"^ is lacunary 
(of order one) if there exists a lacunary sequence {9i}i£i so that there is at 
most one direction in each of the sets 

1^2 



Qi = luj £ 0, : 6'j+i < 



CJl 



^9^ 
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We are also obliged to consider the perpendicular directions 

n^ ■= {uj X e-i e S^ : CO e n}, 

and the associated maximal operator Mq± . Of course, by rotational sym- 
metry, Mq± is bounded if and only if Mq is bounded. 

Lemma 2.2. Let Q C S^ be lacunary. Then 






^w ^ C l/pM^M^ m3«;, 



where C depends only on the lacunary constant A. Moreover, 
l/pu; ^ Cf Y.\S^f\''MiMl^Mlw. 

Proof. Let (p = 4>o*'Po be a Schwartz function, supported on [— A^-"^' ^, — A""^' ^]U 

[^1/8^^-1/8]^ such that 

(1) Y.^'^^'^'0 = h eeK\{0}, 

where A is the constant of lacunarity of the directions fi. Consider the 
Fourier projection operators Pij onto dyadic rectangles defined by 

tBiO = 'A(A^/'ei)<A(A^'/«6)/(e). 

First we will prove that there is a constant C, depending only on A, such 
that 






(2) / _ 2^ \P^oK'" ^ ^\ l/r^s> 

f \f\'w ^ cf ^|P,,/|X>- 

This will follow by f actor ising into compositions of one-dimensional opera- 
tors Pij = P^Pf, in the obvious way, and applying Lemma [2m 

Indeed, for all t G [0, 1], we first apply Lemma \27\] to the operators 

f^Y,n{t)Plf, 

where rj(t) = ro(2*t) and tq is the Rademacher function, equal to one on 
[k, k + 1/2) and minus one on [k — 1/2, A;) for all k £ "Z. To see that the 
decay conditions of the lemma are satisfied, uniformly in t G [0, 1], we note 
that the associated kernel /C satisfies 

JC{x) = Y,r,{t)X-^/U\X-^/'x) « Yl n{t)\-^'U\X-^/\), 

ieZ isC81og^_i |x|-i 
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which fohows by using the rapid decay of the Schwartz function (f)^ . We 
obtain that 

where the constant is independent of t G [0, 1]. By taking g = ^ • rj{s)Pjf, 
in particular this imphes that 






Mlw, 



where the constant C is independent of both t £ [0, 1] and s G [0, 1]. Apply- 
ing Lemma 12.11 again, this time in the X2 variable, yields 

(3) / I Y.n{t)rj{s)Pijf'w ^ C [ I/IXV 

Integrating over [0, 1] x [0, 1] with respect to (i, s) yields the first inequality 
of ([2]) by the orthogonality of the Rademacher functions. 

To see the reverse inequality, we take / = Ylk e''"k{'t)^iis)Pkeg and note that 
^ ri{t)rj{s)Pij^ ^ rkit)re{s)Pkeg^ 

= Yl ^Kt)r]{s)PijPijg + Yl n{t)rj{s)rk{t)re{s)PijPMg 

= g + Yj n{t)rj{s)rk{t)ri{s)PijPkeg, 

i,j,k,£eZ:i^k,j^e 

using ([T]) and that rfr'^ = 1. Substituting into ([3]) and integrating over 

[0, 1] X [0, 1], we obtain 

/ (bl'+ Yl \PvPji9\^)w ^ C f ^ IPm^I'M^w;. 

by the orthogonality of the Rademacher functions as before. Note that 
unless j = i lb 1, the sumands in the first sum are identically zero, but in 
any case they are positive and so this implies the second inequality of ^, 
for positive weights w. Then the inequality for positive weights implies the 
inequality for general weights. 

Now our desired angular inequalities will follow by combining these more tra- 
ditional Littlewood-Paley inequalities with a further application of Lemma[2T] 
to the operator H^^ defined by 
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Figure 2. Segments with lacunary constant 1/2 intersecting 
rectangles with lacunary constant l/\/2. 

Note that Hi^ = ^(Id + j}i^^\ where Ji^^ denotes the directional Hilbert 
transform defined by 



'Hujfix) = -p.v. / fix - ujt) — . 
vr J t 



In the copy of the real line span(a;), this clearly satisfies the conditions of 
the lemma. 

By enumerating the directions uj of 0, and writing r^^ for the associated 
Rademacher function we apply the inequalities of ([2]) ; 






w€ C 



Y. I Y. r'^it)s^p^jf 



'mIw 



(4) 






w 



^ C 






uniformly in t G [0,1]. Here, the second inequality is due to the fact that 
there are at most two directions lo which satisfy PijS^j ^ for a given i 
and j (see Figure [2]) . The third inequality is by Lemma 12.11 in the directions 
ztw X 63 or ±u}^'^^^ X 63 as S^Pij is equal to either H±^xe3Pij or i^-t^jprevxeg-Pij 
(if it is not simply Pij). Integrating over [0, 1] with respect to t yields the 
first of our desired inequalities. 



To see the reverse inequality, we take / = Ylui' '^i^'{^)Sui'g as before, so that 



a;eS7 



'en 



uiGfi 
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as r^ = 1. Substituting into ([!]) we see that 



/ \g\''w ^ C [ \ y^r^it)S^'g 



'm!,M^^M^,w, 



and so by integrating over [0, 1] with respect to t, we obtain the second 
inequahty. D 

3. Proof of Theorem 11.11 

First of all, we give a precise version of the definition of finite order lacunary 
sets as mentioned in the introduction. 

Definition 3.1. If fi consists of a single direction we say that it is lacunary 
of order zero. We then say that $7 C S"^ C M^ is lacunary of order K if there 
is a choice of basis {ei, 62} and lacunary sequence {Oi}i,^i such that the sets 

are lacunary of order ^ K—\ for all i £ Z, with uniformly bounded lacunary 
constants. 

Sjogren and Sjohn [21] proved that Mq is bounded from U'{R'^) to U'{R'^), 
where p > 1, if ri is lacunary of finite order (see also [14^ [TSj for precedents 
and [2j for an equivalence). 

Lemma 3.2. IfQcS^CM.'^ is lacunary of finite order and 

then M^sd is bounded from LP(M^) to LP{R^) with p> 1. 

Proof. We employ the localisation principle due to Parcet and the second 
author [19]. For directions Q C §^ C M^ and a lacunary sequence {Oi]i^z 
we define segments fif by 



S7 



jwGO : ei+i< — ^e,], j <k, 



where ei = Cj x e^ or —Cj x e^. Then 

(5) \\Mn\\p^p ^ C sup sup \\M^e\\p^p, 

£=1,2,3 iez 

where C depends only on p > 1 and the lacunary constant (see also [Ij for 
a two-dimensional version) . With this we can separate the directions of O^'^ 
into isolated directions. The main difficulty is to choose the basis correctly 
between each application so that the lacunarity of Jl^'^ is 'visible' in each 
direction. 
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Initially we change the basis vector 63 by 63 — )• -/^('^o i ^3), where ujq £ 

17 C S^ is one of the accumulation points of highest order, and take ei so 
that 63 + ei is tangent to the circle which contains Q . This also fixes the 
final basis vector 62, chosen so that 63 = ei x 62- Now, if f2 is lacunary 
of order K with lacunary constant A, we can take 9i = A*'^ for all i S Z. 
Then the directions of O which correspond to the directions of the resulting 
segments of the localisation principle are lacunary of order ^ K —1 (at least 
after eight applications of ([5])), with lacunary constants uniformly bounded 
by A. Thus, after a finite number of applications of ([5]), each time changing 
the basis as before to include one of the accumulation points of highest 
order, we separate the directions into isolated directions, and so M^ad is 
bounded. D 

Now as Tq is self-adjoint, the boundedness in L^ follows from the bound- 
edness in L'p , where ^ + 4 = 1. To see that Tq is bounded in LP with 
2 < p < 00, by Holder's inequality and the following weighted inequality it 
suffices to bound the maximal operators from W-'pI'^i to U-pI'^i . Thus, The- 
orem [LT] is obtained by combining the following theorem with the previous 
lemma and the boundedness of Mquq± due to Sjogren-Sjolin [21]. 






Theorem 3.3. Let Q, <Z^ he lacunary of order K . Then 

where C depends only on the lacunary constant A and the lacunary order K . 

Proof. Noting that Mq^ = M-^ we see that the relevant strong maximal 
operators (defined with respect to wq and ujq , where cjq is an accumulation 
point) are dominated by Af^pi^i • Thus, by K applications of the second 
inequality of Lemma 12.21 we see that 



\Tnf?w ^ C [ y2\S^Tnf\^M, 



15^ 11, 



Now we can write 

SuTnf = H^^^_^^^H^f^^p,,,_^^^S^f + i;/'_i^(^+e3)i:/'_i^(^prcv+e3)5^/, 

so that, by two more applications of Lemma |2. II in one of these four direc- 
tions, we see that 






[ \Tnffw ^ CV / \S^f\^M^,,M, 

where the second inequality is by K applications of the first inequality of 
Lemma |2. 21 This completes the proof. D 
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Remark 3.4. If we consider the two-dimensional multiplier operator R^ 
associated to a polygon Vq, defined by 

Rn ■■ f ^ (xvj) > 

where il C S^ is lacunary of order K^ the above argument also yields the 
weighted inequality 



/ \Rnf\^w ^ C [ l/pM, 






w, 



where the constant C depends only on the lacunary constant A and the 
lacunary order K. 

Remark 3.5. In higher dimensions, we are able to consider polytopes associ- 
ated to lacunary directions with an exact product structure. That is to say 
that the orthogonal projections of the directions onto the two-dimensional 
subspaces, formed by the span of two basis vectors, are lacunary. For exam- 
ple, if we consider the n~dimensional multiplier operator 

Rn ■■ f ^ (xvj) > 

where O C S"~^ consists of normalised versions of the directions 

{(2^S...,2'=")U„...,fc„ez, 
the above argument also yields the weighted inequality 

where the constant C depends only on the dimension. For this we first use 
n—1 applications of the second inequality of Lemma l2.2l (with M^ replaced by 
M" and the lacunary sectors, divided by powers of 2, taken in span(ej, Cj+i) 
with j = l,...,n — 1). Note that in this case the relevant two-dimensional 
strong maximal operators are bounded by M^. This separates the multiplier 
in such a way that we are left to deal with the composition of 2"~^ multiplier 
operators of the type that can be dealt with by Lemma [2.11 applied in one of 
the directions of O. We then recompose the operator with n — 1 applications 
of the second inequality of Lemma [2. 2 [ This maximal operator was bounded 
by Carbery [6], and so the multiplier associated to these polytopes with 
infinite faces are bounded on LP(M") with 1 < p < oo. 



The authors thank Jon Bennett for bringing [20] to their attention. 
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